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Abstrat
We present a non-perturbative regularization sheme for Quantum
Field Theories whih amounts to an embedding of the original unreg-
ularized theory into a spaetime with an extra ompatied dimension
of length L ∼ Λ−1 (with Λ the ultraviolet uto), plus a doubling
in the number of elds, whih satisfy dierent periodiity onditions
and have opposite Grassmann parity. The resulting regularized ation
may be interpreted, for the fermioni ase, as orresponding to a nite-
temperature theory with a supersymmetry, whih is broken beause of
the boundary onditions. We test our proposal both in a perturba-
tive alulation (the vauum polarization graph for a D-dimensional
fermioni theory) and in a non-perturbative one (the hiral anomaly).
1 Introdution
The ultraviolet (UV) regularization, is a proedure that plays a fundamental
role in the very onstrution of a QFT, as a ruial step in the proess of
removal of UV divergenes from its physial preditions. Besides this teh-
nial aspet, the use of a regularization does have sometimes an important
∗
Assoiated with CICPBA
1
impat also on the resulting physis. For example, if a symmetry of the
model annot be preserved by any regularization method, this results in the
anomalous breaking of that symmetry, whih manifests itself even at the
level of the renormalized theory [1℄. This interplay between lassial symme-
try transformations and quantum anomalies is perhaps best understood in
the ontext of the path integral method [2, 3℄.
For the partiular ase of the hiral symmetry, the importane of the
anomalies, both for the global and loal ases, should hardly need to be em-
phasized: anomalies put onstraints for model-building when the symmetry
orrespond to the gauge urrent, and they modify the naive preditions of
urrent algebra for the global ase [4℄.
The importane of having a non-perturbative regularization (like the lat-
tie) stems from the fat that it makes it possible to use many dierent
approximation methods, whose appliation to the usual perturbative ontext
ould be at least problemati. Of ourse, a non-perturbative regularization,
to be useful, should preserve as many symmetries as possible, and they should
be realized on a loal regularized ation. In the ase of theories with anoma-
lies, the onstrution of a non-perturbative regularization is a non-trivial task
sine, by denition, a regularization introdues a major hange in the short
distane properties of the theory, preisely the region where theories with
anomalies are most sensitive.
In this paper we present a non-perturbative regularization method whih
may be formulated in terms of a higher-dimensional extension of the model,
at nite-temperature. The original elds in the model have to be immersed
in a spaetime with an extra nite dimension, and for the fermioni ase a
supersymmetry is trivially implemented by a doubling in the number of de-
grees of freedom, adding to eah physial eld an unphysial partner whih
is Grassmann but has the same ation as the fermion
1
. This supersym-
metry, exat at the level of the Lagrangian is, however, broken beause the
elds have dierent boundary onditions in the extra oordinate (whih is
bounded), whose length is of the order of the inverse of the UV momentum
uto. Moreover, the non-anomalous symmetries of the theory are mani-
fest and, as we shall see for the regularization of fermioni determinants,
the method may be understood as an implementation of the ideas developed
in [5℄-[6℄, namely, the use of an innite number of Pauli-Villars regulators [7℄-
1
Of ourse, this means that the unphysial eld violates the spin-statistis theorem, as
a Pauli-Villars regulator does.
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[8℄. Our main point is to give a onrete realization of the regularized ation
in terms of an ation, whih should then have a ompatied oordinate for
the masses of the regulator elds to emerge naturally as the orresponding
disrete momenta.
For the bosoni ase, on the other hand, the extension is implemented
by the addition of a bosoni partner with a negative sign in the quadrati
part of its Eulidean ation, a feature also present in the standard Pauli-
Villars method, when applied to a (bosoni) salar eld theory [8℄. Of ourse,
this means that, in the anonial quantization framework, the norm of the
orresponding modes must be negative, to avoid negative energies. Besides,
the regulator eld has antiperiodi boundary onditions in the imaginary
time diretion. Also for this ase, the non-perturbative regularization bears
a resemblane to the orresponding Pauli-Villars method, when the number
of regulators beomes innite.
The use of higher dimensional representations for fermioni determinants
is a well-known idea; indeed it is the basis of the elebrated `overlap' for-
malism [9℄, based on Kaplan's idea [10℄ to represent a D dimensional hiral
determinant by aD+1 Dira theory with a non-homogeneous mass. However,
our motivation here is to nd a representation of the regularized fermioni
determinant in the ontinuum.
The existene of a ompat length for the extra dimension makes it pos-
sible to use a Matsubara-like formalism, as in nite-temperature QFT. This
allows for the derivation of some results that an be simply adapted from one
ontext to the other. For example, the niteness of the regularization proe-
dure may be seen as a result of the well-known fat that in nite-temperature
QFT the UV divergenes are the same as in QFT at T = 0, in ombination
with the property that the zero-temperature limit of the regularized theory
is trivial: for the fermioni ase, the supersymmetry is exat at T = 0, while
for the bosoni ase there is no eetive propagation in that limit.
The organization of this paper is as follows: in setion 2 we motivate
and dene the regularization by a study of the partiular ase of a fermioni
determinant in an external eld. In setion 3, we extend the method to a
bosoni QFT: the self-interating real salar eld. In setion 4, we perform
perturbation theory tests on the method, in order to hek and understand
some of the properties of the regularization in onrete examples. Some
non-perturbative tests, like the issue of hiral anomalies are dealt with in
setion 5, and setion 6 ontains our onlusions.
3
2 Fermioni theory
We begin with the partiular ase of a fermioni determinant in an external
gauge eld, whih, as we shall see, serves both as motivation and test for the
method. To this end, we rst introdue the partition funtion Zf (A) for the
unregularized theory, whih is dened by:
Zf (A) =
∫
DψDψ¯ exp
[
−Sf (ψ¯, ψ;A)
]
(1)
where Sf denotes the unregularized Eulidean ation for a massless Dira
eld in D dimensions, i.e.,
Sf(ψ¯, ψ;A) =
∫
dDx ψ¯Dcψ (2)
where Dc is the massless Dira operator:
Dc = 6∂+ 6A (3)
and the γ matries satisfy the onventions:
γ†µ = γµ , {γµ, γν} = 2 δµν . (4)
The gauge onnetion A veries
Aµ = −A
†
µ ≡
{
iAµ in theAbelian case
Aaµτa in the nonAbelian case
, (5)
where τa are (anti-hermitian) generators of the Lie algebra of the non-Abelian
gauge group, and both Aµ and A
a
µ are real. This implies the anti-hermitiity
of Dc in Eulidean spae, a property that will be taken into aount for the
onstrution of the regularized theory.
To introdue the non-perturbative regularization, we dene a `regularized'
Dira operator D, a funtion of the unregularized operator Dc, through the
equation
iD
M
= f(
iDc
M
) (6)
where M is a onstant with the dimensions of a mass, playing the role of
an UV uto and the funtion f has to be hosen in order to tame the UV
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behaviour of the Dira operator. Sine the UV properties manifest themselves
in the large eigenvalues of Dc, when onsidered as a funtion of a real variable
x, f : R→ R should verify
x→ 0 ⇒ f(x) ∼ x , x→ ±∞ ⇒ f(x) → ±1 . (7)
Note that the rst relation amounts to requiring the regularized operator to
behave like the unregularized one when the eigenvalues are small, while the
seond ondition implies that D is bounded. Indeed, the spetrum of D is
onned to the range [−M,M ]. Besides, the funtion f should be one to
one, in order to preserve some important properties of the spetrum, as the
degeneray of eah eigenvalue. A onvenient hoie for f satisfying all of
these onstraints is:
iD
M
= tanh(
iDc
M
) , (8)
whih, of ourse, would yield a non-loal theory if D were used to build a
D-dimensional theory. Rather than working with this non-loal expression,
we shall instead onsider an equivalent formulation of this regularized theory
where the non-loality is traded for the existene of a ompatied extra
dimension, plus an extra unphysial eld. A rst step in that diretion is to
use an innite produt representation for the tanh funtion,
tanh(x) = ξ x
∞∏
n=1
x2 + n2pi2
x2 + (n− 1
2
)2pi2
(9)
where ξ =
∏∞
n=1(1 −
1
2n
)2. By the use of some straightforward algebra, we
may insert (9) in (8) to write the regularized Dira operator as:
D = ξ
+∞∏
n=−∞
[
Dc + pinM
Dc + (n+
1
2
)piM
]
, (10)
a form whih already suggests the use of a higher dimensional representation
and the introdution of elds of opposite statistis to obtain a loal version of
the determinant of D. Indeed, we note that the regularized partition funtion
Zregf , dened in terms of D, may be written as follows:
Zregf =
∫
DψDψ¯ exp
[
−
∫
dDx ψ¯Dψ
]
5
= exp
+∞∑
−∞
{
Tr ln[Dc + pinM ] − Tr ln[Dc + (n +
1
2
)piM ]
}
. (11)
It should be evident that the sum over n of the D-dimensional traes may
also be interpreted as D + 1-dimensional traes for a Finite Temperature
theory, in the Matsubara formalism, and with translation invariane along
the imaginary time oordinate. In this nite-temperature language, we have
β = 2
M
(or T = M
2
) and the two operator traes are assoiated with two elds
with opposite (odd/even) Grassmann harater whih have to be integrated
with opposite (periodi/antiperiodi) boundary onditions. Indeed, the two
elds an be naturally assoiated to the Matsubara frequenies:
ω(+)n =
2pi
β
n = pinM , ω(−)n =
2pi
β
(n+
1
2
) = pi(n+
1
2
)M , (12)
where ω
(+)
n and ω
(−)
n orrespond to periodi and antiperiodi boundary on-
ditions, respetively. Aording to this interpretation, we may then write
the partition funtion as a funtional integral over two Dira elds in D + 1
dimensions, Ψ(+)(τ, x) and Ψ(−)(τ, x), assoiated to the two dierent types
of boundary onditions (b) and with opposite Grassmann harater,
Ψ(+)(τ, x) : periodic bc, Grassmann odd
Ψ(−)(τ, x) : antiperiodic bc, Grassmann even
The resulting partition funtion reads
Zregf =
∫
DΨ(+)DΨ(−)DΨ¯(+)DΨ¯(−) exp
[
−Sregf (Ψ¯
(+), Ψ¯(−),Ψ(+),Ψ(−);A)
]
(13)
with
Sregf =
∫ + 1
M
− 1
M
dτ
∫
dDx
[
Ψ¯(+)(−i∂τ +Dc)Ψ
(+) + Ψ¯(−)(−i∂τ +Dc)Ψ
(−)
]
(14)
Notie that the integration rules assoiated with Ψ(+) oinide with those to
be imposed on ghosts in nite temperature gauge theories. In this sense, one
ould think on onditions imposed to Ψ(−) as those orresponding to ghosts
of ghosts.
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Conerning ation (14), it should be noted that it is not ovariant when
onsidered as a D + 1 dimensional objet. This is not a problem, of ourse,
sine real physis orresponds to D dimensions, where the theory is indeed
invariant. Besides, the fat that there is a nite range for the imaginary
time τ oordinate already breaks (expliitly) the symmetry between τ and
the remaining D oordinates, denoted olletively by x. This breaking is
a usual phenomenon in Finite Temperature QFT, and may be traed to
the fat that there is a preferential referene system, namely, the `thermal
bath'. However, had the original theory been dened on an even number
of dimensions, i.e., D = 2n, the orresponding hermitian hirality matrix γs
(γs = γ5 when D = 4) ould have been used in order to obtain an equivalent
D+1-invariant looking expression for the Lagrangian. Indeed, it is suient
to note that, both for Ψ(+) or Ψ(−), we have
Ψ¯(−i∂τ +Dc)Ψ = Ψ¯(−iγs)iγs(−i∂τ+ 6D)Ψ
≡ Ψ˜ΓαDαΨ . (15)
where, in the last line, the index α runs from 0 toD, and we shall alternatively
use the notation τ or xD for the extra oordinate, depending on the ontext.
We have introdued the Dira matries Γα in D+1 dimensions in suh a way
that Γµ = iγsγµ, ∀µ suh that 0 ≤ µ ≤ D − 1, and ΓD ≡ Γτ ≡ γs.
Of ourse, Γ†α = Γα, and
{Γα , Γβ} = 2 δαβ , ∀α, β = 0, 1, . . . , D . (16)
Also, the α = D omponent of Aα vanishes. In the last line of (15) we have
used the notation Ψ˜ ≡ Ψ¯iγs = Ψ
†Γ0, i.e., Ψ˜ is the natural denition for Ψ¯ in
the D + 1 ovariant representation. With this in mind, we shall often write
also Ψ¯ (rather than Ψ˜) when working in the D + 1 ovariant representation,
sine the meaning of the bar should be lear from the ontext.
The hanges to introdue when the original theory is massive are quite
straightforward, sine they stem from the replaement Dc → Dc +m, where
m is the fermion mass, in (6). However, when the D + 1 ovariant notation
is used, we note that the physial mass m will arise as a onstant gauge
potential Aτ = im in the extra oordinate, namely,
Sregf (m) =
∫
dD+1x
[
Ψ¯(+)ΓαDα(m)Ψ
(+) + Ψ¯(−)ΓαDα(m)Ψ
(−)
]
(17)
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where dD+1x ≡ dτdDx, and Dτ ≡ ∂τ + im. The fat that the τ oordinate is
ompat implies that the onstant m annot be gauged away, unless a twist
is introdued for the fermions. This twisting would arry, of ourse, the same
physial ontent as the onstant gauge eld.
The regulated Lagrangian in D+1 dimensions is supersymmetri, in the
sense that it is invariant under the global transformations:
δΨ(+) = iξΨ(−) δΨ¯(+) = −iΨ¯(−)ξ
δΨ(−) = iξΨ(+) δΨ¯(−) = −iΨ¯(+)ξ , (18)
where ξ is a real Grassmann variable. One should expet that this symmetry
is broken beause of the dierent boundary onditions for the (+) and (−)
elds.
The symmetry (18) may be presented in a more expliit way by the intro-
dution of a supereld notation: we introdue a pair of onjugate Grassmann
variables θ, θ¯, and use the notation χ for a fermioni supereld dened as
follows:
χ(τ, x, θ) = Ψ(+) + θΨ(−)
χ¯(τ, x, θ) = Ψ¯(+) + Ψ¯(−)θ¯ , (19)
namely, χ is `analyti' in the Grassmanian sense: ∂θ¯χ = 0. The regularized
ation may then be written in terms of this analyti eld in the following
way:
Sregf =
∫ + 1
M
− 1
M
dτ
∫
dDx
∫
dθdθ¯ e−θθ¯ χ¯ ΓαDα χ (20)
where we note the presene of the exponential fator e−θθ¯, as usual for the in-
ner produt between analyti funtions of a Grassmann variable. The bound-
ary onditions on the ompat oordinate may now be written in terms of
χ:
χ(β, x, θ) = χ(0, x,−θ) , ∀x. (21)
We onlude this setion with an alternative (also nite-temperature)
representation for the regularized fermioni determinant. It should be evident
that the logarithm of the regularized partition funtion (13), may also be
written in terms of traes over anti-periodi elds, namely
lnZregf = Tr
(−) ln
[
ΓD(∂τ + i
pi
β
) + ΓµDµ
]
8
−Tr(−) ln [ΓD∂τ + ΓµDµ] (22)
where the (−) over the traes indiates that for both elds it is antiperiodi,
while the periodiity for the rst term has been traded for the presene of a
onstant gauge eld. This may also be written in the equivalent way:
lnZregf =
∫ pi
β
0
da
∂
∂a
Tr(−) ln [ΓαDα(a)] (23)
where
Dµ(a) = Dµ , DD(a) = ∂τ + ia . (24)
By taking the derivative with respet to a, in (23), we see that the equation
beomes an integral over a of the thermal average of the onserved harge
Q(a), orresponding to the D + 1 dimensional urrent for a (single) Dira
fermion. Namely,
lnZregf =
∫ pi
β
0
daTr(−)
[
iΓτ (ΓαDα(a))
−1
]
=
∫ pi
β
0
da〈Q(a)〉 (25)
where the harge Q(a) depends of ourse on the value of the onstant a and
on the external eld Aµ(x). When D is even, it is interesting to see that
〈Q(a)〉 may be deomposed into its parity breaking and parity onserving
parts, yielding the same deomposition for the D-dimensional regularized
eetive ation.
When M → ∞ (β → 0), we see that 〈Q(a)〉 beomes just the harge
orresponding to the Chern-Simons urrent in D + 1 dimensions, thus re-
produing the well-known relation between gauge topologial terms in even
and odd dimensions. It is amusing to see that this regularization somehow
preserves a relation like that, even when the theory is regulated.
When the original theory is massive, the only hange is in the integration
range for the a integral in (25), i.e.,
lnZregf (m) =
∫ pi
β
+m
m
da〈Q(a)〉 . (26)
9
3 Bosoni theory
Let us adapt here the previously introdued idea to the ase of a bosoni
ation. We take as the essential property of the method to preserve by suh
a generalization, not the funtional relation between two Dira operators, but
rather the nite temperature interpretation. Indeed, the latter is a framework
that an be implemented for any model, regardless of the spin and internal
symmetry group of the elds, and its preise realization may be inferred from
the Pauli-Villars method, by introduing the proper generalization.
To be more preise, we onsider a real salar eld ϕ in D Eulidean
dimensions, desribed by the ation:
SD =
∫
dDx
[
1
2
∂µϕ∂µϕ +
1
2
m2ϕ2 + V (ϕ)
]
. (27)
Guided by the fermioni ase, we introdue now two salar elds Φ(±)(τ, x)
and a nite temperature ation (with β = 2
M
) in D + 1 dimensions, with
periodi boundary onditions for the eld Φ(+)(τ, x):
Φ(+)(τ, x) = β−
1
2
+∞∑
n=−∞
Φ(+)n (x) e
iω
(+)
n τ
(28)
where ω
(+)
n =
2pin
β
and
Φ(+)n (x) = β
− 1
2
∫ +β/2
−β/2
dτ Φ(+)(τ, x) e−iω
(+)
n τ . (29)
and antiperiodi boundary onditions for Φ(−).
In partiular, the zero mode of Φ(+)(τ, x) is assumed to be proportional
to ϕ(x), i.e.,
Φ
(+)
0 (x) = β
− 1
2ϕ(x) . (30)
On the other hand, inspired by the Pauli-Villars method in its salar eld
version [8℄, we may introdue the regularized ation SD+1 as follows:
SD+1[Φ
(+),Φ(−)] =
∫ + 1
M
− 1
M
dτ
∫
dDx
{
1
2
[∂αΦ
(+)∂αΦ
(+) +m2Φ(+)Φ(+)]
10
−
1
2
[∂αΦ
(−)∂αΦ
(−) +m2Φ(−)Φ(−)] + V (Φ(+) + Φ(−))
}
. (31)
Sine there is no free propagator onneting Φ(+) to Φ(−), an appliation
of the Wik theorem to a given Green's funtion yields the result that any
diagram in the perturbative expansion an be built in the following way:
replae in every diagram of the unregularized theory the free propagator by
the sum of the propagator for Φ(+) and the propagator for Φ(−) (whih dier
in a global sign and in their boundary onditions). Thus the `regularized
propagator' Greg is
Dreg = 〈Φ(+)Φ(+)〉+ 〈Φ(−)Φ(−)〉 . (32)
Taking into aount the dierent boundary onditions and the minus sign
in front of the (−) ation, we see that in momentum spae the sum of the
propagators beomes, at large momenta, exponentially damped. Namely,
Dreg(k) ∼ exp[−β|k|] . (33)
This explains the niteness of the theory; we also need to be sure that the
unregularized theory is reovered whenM →∞. This property is indeed also
true, sine in this limit the antiperiodi elds Φ(−) beome innitely massive,
as well as all the non-zero modes of Φ(+). Thus the theory is dimensionally
redued to the zero Matsubara frequeny mode, whih, by onstrution, is
tantamount to ϕ(x), and of ourse has the original ation SD.
4 Some perturbative tests
In this setion we shall apply the regularization method to the derivation of
some perturbative results. We shall begin by onsidering the D-dimensional
vauum polarization graph for the fermioni determinant, to one-loop order,
and for the Abelian gauge eld ase.
The regularized vauum polarization funtion Π˜µν an, in this regular-
ization, be written as the dierene between the ontributions orresponding
to periodi and antiperiodi boundary onditions. Besides, the gauge eld is
independent of the τ oordinate, thus we may write
Π˜µν(k) =
∫
dDp
(2pi)D
[
t(+)µν (p, k) − t
(−)
µν (p, k)
]
(34)
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where
t(±)µν (p, k) =
+∞∑
n=−∞
tr
[
1
i 6p+ ω
(±)
n
γµ
1
i( 6p+ 6k) + ω
(±)
n
γν
]
(35)
and we have used the non-ovariant expression for the Dira matries (the
nal result for Π˜µν is of ourse independent of the representation employed).
Of ourse, sine there is no physial gauge eld omponent orresponding to
α = D, we are not in priniple interested in evaluating the omponents of
Π˜αβ involving that index. A similar remark holds true for the independene
of the external eld on τ , what allows us to set all the external Matsubara
frequenies equal to zero.
Evaluating the Dira traes for t
(±)
µν , we see that
t(±)µν (p, k) = tr(I)
+∞∑
n=−∞
−pµ(p+ k)ν − pν(p+ k)µ + [p · (p+ k) + ω
(±)
n ]δµν
(p2 + (ω
(±)
n )2)[(p+ k)2 + (ω
(±)
n )2]
(36)
where tr(I) denotes the trae over the identity matrix in Dira spae, i.e.,
the dimension of the Cliord algebra representation.
It should be remembered, before integrating out the momenta p, that the
regularization works only if both the (+) and (−) ontributions are taken
into aount inside the integrand, i.e., the integral annot be distributed
(as in the Pauli-Villars method). This requires the knowledge of sums over
frequenies whih are not the standard ones of the Matsubara formalism, but
rather objets dened as follows:
σ(f) ≡
+∞∑
n=−∞
[
f(n)− f(n+
1
2
)
]
. (37)
By the same kind of trik applied in the Matsubara formalism, we may
express the series (37) as a omplex ontour integral,
σ(f) =
1
i
∮
C
dz
f(z)
sin(2piz)
(38)
where C is the urve shown in gure 1.
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Figure 1: The urve C used in the integral (38).
Performing the sums over frequenies aording to this rule, we end up
with an expression for Π˜µν(k), whih may be written as follows:
Π˜µν(k) = β tr(I)
∫
dDp
(2pi)D
1
(p+ k)2 − p2{
[
1
|p| sinh(β|p|)
−
1
|p+ k| sinh(β|p+ k|)
]
[−pµ(p+ k)ν − pν(p+ k)µ + p · (p+ k)δµν ]
− [
|p|
sinh(β|p|)
−
|p+ k|
sinh(β|p+ k|)
]δµν
}
, (39)
where the UV onvergene of the integral over p is evident (the symbol |p|
denotes the D-dimensional Eulidean norm).
The nite-temperature regularization is also expliitly gauge invariant
for gauge transformations in the D-dimensional spae. This implies the (D-
dimensional) transversality of the Π˜µν tensor, i.e.,
kµ Π˜µν(k) = 0 , (40)
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and we may then write Π˜µν(k) in terms of a salar funtion p˜i(k) and a
transverse projetor, in the standard fashion:
Π˜µν(k) = Π˜(k) (δµν −
kµkν
k2
) . (41)
Taking into aount (41) and (39), and performing shifts in the integration
variables
2
, we note that
Π˜(k) =
2βtr(I)
D − 1
∫
dDp
(2pi)D
(D − 2)(|p|+ k · pˆ)−Dp
(k2 + 2k · p) sinh(β|p|)
, (42)
whih is a nite salar funtion of k for any value of D. The UV behaviour
of the integrand is of ourse the same as in [6℄. It should be lear from our
starting point (8), that onvergene will be ahieved for all orders, and not
just for the diagram quadrati in the external eld.
5 Chiral anomaly
In this setion we shall restrit ourselves to the ase of a massless fermion
in an even number of dimensions, in order to observe the emergene of the
hiral anomalies in this ontext. Sine the nite temperature regularization
introdues an extra dimension into the game, it is not at all obvious whether
the original hiral symmetry is still meaningful or not. It is however, easy to
see that there is, indeed, a symmetry transformation whih orresponds to
the hiral transformations when the regulator is removed. They are however
non-loal on a sale of the order of M , and may be written as follows:
δΨ(±)(τ, x) = i αΓD (ΓµDµ − ΓD∂D)
−1 ΓνDν Ψ
(±)(τ, x)
δΨ¯(±)(τ, x) = iαΨ¯(±)(τ, x)ΓνDν(ΓµDµ − ΓD∂D)
−1 ΓD . (43)
When M →∞, the elds are dimensionally redued and τ -independent.
The transformations redue of ourse to the standard ones, sine the ∂D = ∂τ
operator yields zero when ating on a dimensionally redued eld. When M
is nite, they have of ourse a more ompliated-looking expression, but
nevertheless they leave the regularized ation invariant.
2
This is liit, sine the exponential fators from the sinh render all the terms onvergent.
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There is an eet on the integration measure: we have a super-Jaobian,
whih is non-vanishing beause of the dierent boundary onditions (oth-
erwise, the (+) and (−) ontributions would anel). Indeed, under the
transformations (43), the funtional integration measure
Dµ ≡ DΨ(+)DΨ(−) DΨ¯(+)DΨ¯(−) (44)
transforms as follows:
Dµ → Dµ J (45)
where
lnJ = −iα
{
Tr[ΓD(ΓµDµ − ΓD∂D)
−1 ΓνDν ]
(+)
+Tr[ΓνDν(ΓµDµ − ΓD∂D)
−1 ΓD]
(−) − (+)→ (−)
}
, (46)
where the (±) indiates whether the orresponding trae has to be taken on
the spae of symmetri or antisymmetri funtions. A simple algebra shows
that:
lnJ = −iα
{
Tr[ΓD(ΓνDν)
2(ΓµDµ − ΓD∂D)
−1](+)
− (+)→ (−)} , (47)
and, sine the gauge elds are independent of τ , we may evaluate the trae
over the τ oordinate. This sum over frequenies yields:
lnJ = −2iαTr
[
ΓD
βΓµDµ
sinh(βΓµDµ)
]
. (48)
This expression may be onveniently written in a D dimensional notation,
as follows:
lnJ = −2iαTr
[
γ5 ϕ(
6D
Λ
)
]
(49)
where:
ϕ(x) =
x
sinh(x)
(50)
and Λ ≡M/2.
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Now, the funtion ϕ(x) veries:
ϕ(0) = 1 , lim
x→∞
ϕ(x) = lim
x→∞
ϕ′(x) = . . . = lim
x→∞
ϕ(k)(x) = . . . = 0 , (51)
the onditions to be imposed to regulating funtions ϕ(x) in order to give a
ϕ-independent answer[2℄. Then, formula (49) is nothing but
lnJ = −2i αTr γ5|reg (52)
whih then yields to the known result for the hiral anomaly [2℄,[11℄
〈∂µj
µ
5 (x)〉 =
δ lnJ
δα(x)
∣∣∣∣
α=0
= 2iTr γ5|reg (53)
We see that the hoie of tanh(iDc/M) to onstrut D through the den-
ing equation (6), whih in turn allowed (written as an innite produt) to the
denition of the D + 1 dimensional nite theory orresponds, at the level of
regularized quantities, to the hoie of a regulator whih is lose (but does not
oinide) with the usual adopted heat-kernel exp(−D2c/M
2) or zeta-funtion
ζ(Dc, s) regulators.
6 Conlusions
We have introdued a higher dimensional representation for regularized Dira
and salar eld theories whih preserves the symmetries of the additional sys-
tem, in spite of the fat that the regularization is non-perturbative, namely,
it yields results that an be shown to be nite even without invoking power-
ounting arguments. The length of the extra oordinate may be related to a
titious `temperature', although the resulting nite temperature QFT has of
ourse unphysial features, a property that indeed should be expeted from
any regularized theory. This nite temperature representation has the virtue
that it automatially leads to the regulator masses one should introdue when
using an innite number of Pauli-Villars elds, as in [6℄. Moreover, it also
leads to a natural extension of the regularization to salar eld theories.
Sine the method leads naturally to a regularized ation, it allows for the
study of the realization of symmetries and their orresponding anomalies. In
this respet, we have disussed for the fermioni ase, the interplay between
the symmetries of the original theory and the supersymmetry assoiated to
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the doubling of elds in the regulated theory. In partiular, we have studied
in details the ase of hiral anomalies, showing that the regularized ation is
invariant under transformations whih tend to the usual hiral ones when the
regulator is removed. At the quantum level, there is a nontrivial anomalous
Jaobian whih, as it was to be expeted, is already regulated. The fat
that this Jaobian is dierent from 1 may be understood as a onsequene
of the breaking of the supersymmetry by the neessity of imposing dierent
boundary onditions for the elds involved.
It should be remarked that the symmetries of the regularized theory are
non-loal, a property that should be expeted sine it holds also for the
standard perturbatively regularized theories [12, 13℄.
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